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 !" 621.452.3 

 .! "#$%&'#(,  .). *+&+(,-%, ../. /012#' 

 !"#$%&' ()$*+,"$-.!//0' -!1/&2!$%&' */&.!"$&-!- 

3. 4/53*"67 8!*95:"67 !"!/;< 48.9".*:;  

/.4!:.3 3. 485**.8! 48; ;= 4.)85>?5";;  

4.*:.8.""; ; 485? 5:! ; 

3 $-,-4! 5)$-,.6!/, 7,+,2, #)+!6&").,/&8 5")9!$$, 5)."!:+!/&8 -&-,/).)' 6)5,-%& 5-' 
$-*5!/& %)#5"!$$)", ;<= 5)$-)")//&# 5"!+#!-)#. >?)"#*6&").,/, #,-!#,-&2!$%,8 5)$-,/).-
%, 7,+,2&, )5&$,/, 5")$-",/$-.!//,8 +&$%"!-&7,9&8 +68 &$5)647).,/&8 #!-)+, %)/!2/01 @6!-
#!/-)..  "&.!+!/0 "!7*64-,-0 #,-!#,-&2!$%)() #)+!6&").,/&8 $)*+,"!/&8: -&5&2/0! @%$-
56*,-,9&)//0! 5)."!:+!/&8, – & 5")&7.!+!/ ,/,6&7 /,5"8:!//)-+!?)"#&").,//)() $)$-)8/&8 
6)5,-%&. <,%:! )9!/!/) 7/,2!/&! )$-,-)2/01 /,5"8:!/&' . 7)/! 5)."!:+!/&8.  "&.!+!/0 "!-
7*64-,-0 ",$2!-/)() )5"!+!6!/&8 -!)"!-&2!$%&1 %)@??&9&!/-). %)/9!/-",9&& /,5"8:!/&' +68 
1,",%-!"/01 5)."!:+!/&'. A,$$#)-"!/) .6&8/&! 5)."!:+!/&8 -,5, -"!B&/, & V-)C",7/,8 7,-
C)&/, /, #)+,64/0! 1,",%-!"&$-&%& 6)5,-%&. 

 
3@02+-A+ B@,-%: 6)5,-%, %)#5"!$$)",, 5)."!:+!/&! 5)$-)")//&#& 5"!+#!-,#&, #,-!-

#,-&2!$%)! #)+!6&").,/&!, )$-,-)2/0! /,5"8:!/&8, %)/9!/-",9&8 /,5"8:!/&', #)+,64/0! 1,-
",%-!"&$-&%&. 

 

#$ %&'()*+,*-. )&*/ 01&2(3$*-+ 4 *$)&5*(%0- '$6(0712-**89 
)3-'$0&:&. *&74:(**( 3(61$%0$;0. <( )$**8= >4%?:7$0$@-(**(. %0$-
0-%0-4-, (%*(3*(. ?1-A-*(. 0('(, A0( )3-'$0&:- )(%1(A*( %*-=$;0%+ 
% >4%?:7$0$@--, +3:+;0%+ ?(:(=4- :(?$0(4. B(?$04- 4(=?1&%%(1$ CD! 
-%?8083$;0 3 (2E&= %:7A$& %:(5*8. 4(=?:&4% %0$0-A&%4-9 - )-*$-
=-A&%4-9 *$'176(4, 4(0(18& ?1-3()+0 4 *$4(?:&*-; ?(31&5)&*-. 
3 :(?$04& ?( =&9$*-6=$= =$:(@-4:(3(. - =*('(@-4:(3(. 7%0$:(%0- 
%((03&0%03&**(. !( 60 % ?(:(=(4 :(?$0(4 4(=?1&%%(1(3 CD! *(%+0 
7%0$:(%0*8. 9$1$40&1. F 0(A4- 61&*-+ *$)&5*(%0- )3-'$0&:+ *&(29(-
)-=( (2&%?&A-0/ ?1(A*(%0/ *& 0(:/4( @&:89 :(?$0(4, *( - :(?$0(4 
% ?(31&5)&*-+=- - 6$A-%04$=-. G&:/ 1$2(08 – 1$61$2(04$ =&0()-4- 
):+ 4(=?:&4%*('( 1$%A&0*('( $*$:-6$ ?1(A*(%0- :(?$0(4 4(=?1&%%(1$ 
?1- -9 ?(31&5)&*-- ?(%0(1(**-=- ?1&)=&0$=-. 

#&(0H&=:&=8=- >:&=&*0$=- 4(=?:&4%*('( 1$%A&0*('( $*$:-6$ 
?1(A*(%0- :(?$0(4 4(=?1&%%(1$ ?1- -9 ?(31&5)&*-- ?(%0(1(**-= 
?1&)=&0(= (<<) +3:+;0%+: 

  =$0&=$0-A&%4(& =()&:-1(3$*-& %(7)$1&*-+ :(?$04- % <<; 
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  1$%A&0*$+ (@&*4$ %*-5&*-+ 7%0$:(%0*(. ?1(A*(%0- :(?$0(4 
% ?(31&5)&*-+=-; 

  1$%A&0*$+ (@&*4$ 3:-+*-+ ?(31&5)&*-+ *$ =()$:/*8& 9$1$4-
0&1-%0-4- :(?$04-. 

I%*(3*8=- J$40(1$=-, 3:-+;E-=- *$ ?(31&5)&*-+ :(?$0(4 
<<, +3:+;0%+: J(1=$, 1$6=&18 - =$0&1-$: <<, %4(1(%0/ - *$?1$3:&*-& 
&'( )3-5&*-+ (0*(%-0&:/*( :(?$04-, $ 0$45& =$0&1-$:, 1$6=&18 - 
J(1=$ :(?$04-. 

K*$:-6 >4%?:7$0$@-(**(. %0$0-%0-4-, ?1-3&)&**(. 3 [1], ?(4$-
6$:, A0( '&(=&01-+ <<, =$0&1-$: - %4(1(%0/ &'( )3-5&*-+ 3&%/=$ 1$6-
*((21$6*8; 3 2(:/,-*%03& %:7A$&3 -)&*0-J-@-1(3$0/ <<, +3-3,-.%+ 
?1-A-*(. ?(31&5)&*-+ :(?$04-, *& 7)$&0%+. F4(1(%0/ %0(:4*(3&*-+ 
% <<, ?( *&4(0(18= (@&*4$=, 2:-64$ 4 (4175*(. %4(1(%0-.  '(: %(-
7)$1&*-+ 30…60º (0 *$?1$3:&*-+ 9(1)8 ?1(J-:+ :(?$04- %( %0(1(*8 
4(180$. 

 

                

L-%. 1. M-)8 ?(31&5)&*-. :(?$0(4 CD!: 3=+0-*$, 1$6183, 6$2(-*$ 

F(':$%*( >4%?:7$0$@-(**(. %0$0-%0-4&, ?1-3&)&**(. 3 [2] - [3], 
?(31&5)&*-+ :(?$0(4 4(=?1&%%(1$ 38%(4('( )$3:&*-+ (28A*( ?1&)-
%0$3:+;0 %(2(. 3=+0-*8, 6$2(-*8 -:- 1$61838 (1-%. 1). I28A*( (*- 
?(+3:+;0%+ *$ 39()*(. 41(=4& - -=&;0 9$1$40&1*8& 1$6=&18 3 ?1&)&-
:$9 *&%4(:/4-9 =-::-=&01(3; 6$2(-*8 -=&;0 J(1=7, 2:-647; 4 ?(:7-
(4175*(%0-. 

!:+ =$0&=$0-A&%4('( =()&:-1(3$*-+ ?1(@&%%$ ?(31&5)&*-+ :(-
?$0(4 3 2(:/,-*%03& -67A&**89 ?72:-4$@-. [3–5] 7%?&,*( -%?(:/67-
&0%+ =&0() 4(*&A*89 >:&=&*0(3 (N"O) 3 )-*$=-A&%4(. ?(%0$*(34&. 
<1-=&*&*-& %?&@-$:/*89 $??$1$0(3 ):+ A-%:&**('( =()&:-1(3$*-+ 
?(63(:+&0 7A-083$0/ %:&)7;E-& (%(2&**(%0- ?1(@&%%$ %(7)$1&*-+: 

  *&%0$@-(*$1*8., )-*$=-A&%4-. 9$1$40&1 ?1(@&%%$; 
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  01&9=&1*(& )-*$=-A&%4(& *$?1+5&**(-)&J(1=-1(3$**(& %(-
%0(+*-& :(?$04-; 

  *&:-*&.*(& ?(3&)&*-& =$0&1-$:$, 3(6*-4*(3&*-& 3 :(?$04& 
3 ?1(@&%%& %(7)$1&*-+ *&(21$0-=89 )&J(1=$@-. - 1$617,&*-+; 

  %:(5*$+, *& (?-%83$&=$+ 3 $*$:-0-A&%4(= 3-)& J(1=$ -%%:&-
)7&=('( (2H&40$ – :(?$04- 4(=?1&%%(1$; 

  '&(=&01-A&%4$+ *&:-*&.*(%0/ – 2(:/,-& )&J(1=$@--, *&:--
*&.*(%0/ '1$*-A*89 7%:(3-. (4(*0$40*(& 36$-=()&.%03-& :(?$04- 
% <<). 

P$)$A- %0$0-4- % *&(29()-=(%0/; 7A&0$ %:(5*(. '&(=&01-- 4(*-
%0174@--, *$'175&*-+ - 6$41&?:&*-+ 0$45& 3(6=(5*( 1&,$0/ % ?1-=&-
*&*-&= N"O. !:+ 1&,&*-+ )-*$=-A&%4-9 28%01(?1(0&4$;E-9 *&:--
*&.*89 6$)$A % ?(=(E/; N"O @&:&%((21$6*( -%?(:/6(3$*-& +3*('( 
=&0()$ -*0&'1-1(3$*-+ ?( 31&=&*-, %0$0-A&%4-& 6$)$A- 1&,$;0%+ 
% ?(=(E/; *&+3*('( =&0()$. 

M 9()& -%%:&)(3$*-+ 28:$ 1$61$2(0$*$ =&0()-4$ =$0&=$0-A&%4(-
'( =()&:-1(3$*-+ %(7)$1&*-+ :(?$04- % <<. N&0()-4$ *$?1$3:&*$ *$ 
=$0&=$0-A&%4(& =()&:-1(3$*-& %-07$@-., %((03&0%037;E-9 0-?-A*8= 
?(31&5)&*-+= :(?$0(4, 38+3:&**8= 3 9()& >4%?:7$0$@--. N()&:-1(-
3$*-& %(7)$1&*-+ ?(63(:+&0 38+3:+0/ 6$4(*(=&1*(%0- ?1(@&%%$ %(7)$-
1&*-+ :(?$04- - <<. 

I2H&40(= )$**('( -%%:&)(3$*-+ +3:+;0%+ :(?$04- *$?1$3:+;-
E&'( $??$1$0$ 5-. %07?&*- 4(=?1&%%(1$ 38%(4('( )$3:&*-+. B(?$04$ 
-=&&0 ?&1&=&**8. ?( 38%(0& $>1()-*$=-A&%4-. ?1(J-:/. M8%(0$ :(-
?$04- 70 ==, 9(1)$ %(%0$3:+&0 26,6 ==. B(?$04- 6$41&?:&*8 3 )3-'$0&-
:& 4(*%(:/*( 6$=4(= 0-?$ «:$%0(A4-* 93(%0».  

P$)$A$ %0$3-:$%/ 3 %:&)7;E&. ?(%0$*(34&. F0$:/*$+ :-*&.*(-
7?17'$+ %J&1$ )-$=&01(= 4,48d !  == )3-5&0%+ ?(%07?$0&:/*( %( %4(-

1(%0/; V ?( *$?1$3:&*-; 4 39()*(. 41(=4& *&?()3-5*(. :(?$04- ?() 
7':(= Q 4 9(1)&, :(?$04$ *&?()3-5*( 6$41&?:&*$ 3 4(1*&3(= %&A&*-- 
(1-%. 2). N$0&1-$: :(?$04- – 0-0$*(38. %?:$3, =$0&1-$: %A-0$&0%+ 7?-
17'(?:$%0-A&%4-=, %?(%(2*8= 1$617,$0/%+. M8%(0$ %(7)$1&*-+ 3)(:/ 
?&1$ :(?$04- %((03&0%037&0 38%(0& *$-2(:&& (?$%*('( %&A&*-+ 1&$:/-
*(. :(?$04- – %&A&*-+, 3 4(0(1(= -=&;0 =&%0( =$4%-=$:/*8& )-*$=--
A&%4-& *$?1+5&*-+ ?1- 4(:&2$*-+9 ?( ?&13(. -6'-2*(. J(1=&. !:+ 
:(?$04- 5-. %07?&*- >0( 38%(0$ 14 == (0 4(1*&3('( %&A&*-+ :(?$04-. 
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!:+ $*$:-6$ 3:-+*-+ *$ ?1(@&%% 
%(7)$1&*-+ 1$6:-A*89 J$40(1(3 28-
:( 1&$:-6(3$*( *&%4(:/4( %9&= %(-
7)$1&*-+. F9&=8 %(7)$1&*-+ 9$1$4-
0&1-6(3$:-%/: 

  %4(1(%0/; 7)$1*-4$ V ?( *$-
?1$3:&*-; 4 39()*(. 41(=4&; 

  7':(= Q 4 9(1)& :(?$04-, ?() 
4(0(18= ?1(-%9()-0 %(7)$1&*-&. 

!:+ (?-%$*-+ )3-5&*-+ )&J(1-
=-17&=(. %?:(,*(. %1&)8 -%?(:/67-
&0%+ :$'1$*5&38. ?()9(). L&,&*-& 
01&9=&1*(. )-*$=-A&%4(. 6$)$A- 3 N"O 6$4:;A$&0%+ 3 1$61&,&*-- 
%-%0&=8 71$3*&*-., 3 4(0(17; 39()-0 71$3*&*-& %(91$*&*-+ -=?7:/-
%$, )3-5&*-+, 3*701&**&. >*&1'--, 6$=84$&0 %-%0&=7 (?1&)&:+;E&& 
%((0*(,&*-&: 

  71$3*&*-& %(91$*&*-+ -=?7:/%$ 

R div( ) 0v" ! , 

')& R  – ?:(0*(%0/; v  – %4(1(%0/;  

  71$3*&*-& )3-5&*-+ 

 R x div( )" !    , (1) 

')& x   – 7%4(1&*-&,   – 0&*6(1 *$?1+5&*-.; 
  71$3*&*-& %(91$*&*-+ >*&1'--, 2&6 7A&0$ 0&?:$ - 0&=?&1$0718 

 R U" !  : !  , (2) 

')& U  – %4(1(%0/ -6=&*&*-+ 3*701&**&. >*&1'--, !  – 0&*6(1 )&J(1=$-
@-- %4(1(%0-, «:» – )3(.*(& %4$:+1*(& ?1(-63&)&*-&; 

  (?1&)&:+;E&& %((0*(,&*-& 

# $,f! ! ! ; 

  '&(=&01-A&%4-& %((0*(,&*-+ ):+ %:7A$+ 2(:/,-9 )&J(1=$@-. 

# $ # $ # $ # $ # $# $m
ij i, j j,i , j m,i2 x, t u x, t u x, t u x, t u x, t% ! & & "     ,  x V' . 

F-%0&=$ )(?(:*&*$ '1$*-A*8=- 7%:(3-+=-: 
  4-*&=$0-A&%4-& '1$*-A*8& 7%:(3-+ (6$)&:4$ :(?$04- 3 4(1*&-

3(= %&A&*--): 

 

L-%. 2. " ?(%0$*(34& 6$)$A-  
%(7)$1&*-+ :(?$04-  

% ?(%0(1(**-= ?1&)=&0(= 

S 

Q T 
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0i !d     dx'(     # $, ,x x y z! ; 

  %0$0-A&%4-& '1$*-A*8& 7%:(3-+ *$ %3(2()*(. ?(3&19*(%0- (*$-
A$:/*(& *&*$?1+5&**(& %(%0(+*-&): 

0ij jn !)       x )'( ; 

*$A$:/*8& 7%:(3-+: 

i 0x ! ,    :(?x '( ; ,$1 240x ! *  (=/%), 

 
,$1 0y ! ,                          ,$1x '( . 

 
,$1 0z ! ; 

  *$:-A-& 4(*0$40*('( 36$-=()&.%03-+ :(?$04- % ?(%0(1(**-= 
?1&)=&0(=. 

I%(2&**(%0/ '1$*-A*89 7%:(3-. 3 6(*& 4(*0$40$ – *&-63&%0*8& 
-6=&*+;E-&%+ 3( 31&=&*- 1$6=&18 - J(1=$ ?:(E$)4- 4(*0$40$, *&-6-
3&%0*8& *$'1764- *$ >0(. ?:(E$)4&. <1- =()&:-1(3$*-- )-*$=-A&-
%4('( 4(*0$40*('( 36$-=()&.%03-+ 3 N"O ?1-=&*+&0%+ =&0() ?&*$:/-
0-, 3 %((03&0%03-- % 4(0(18= 3 1$%A&0 7%:(3*( 33()-0%+ 7?17'$+ ?17-
5-*$, 1$%?(:(5&**$+ =&5)7 4(*0$40-17;E-=- ?(3&19*(%0+=- 
- (?1&)&:+;E$+ 5&%04(%0/ 36$-=()&.%03-+ -:- 3&:-A-*7 4(*0$40*(. 
%-:8. "(*0$40*$+ ?:(E$)4$ (?1&)&:+&0%+ % ?(=(E/; %4$:+1*(. 

J7*4@-- # $, ,G x y z , (?-%83$;E&. ?(3&19*(%0/ ()*('( -6 %(7)$1+;-

E-9%+ 0&: – =-,&*-. <1- # $, , 0G x y z +  0(A4- 7)$1+;E&'( 0&:$ :&5$0 

3*& ?(3&19*(%0-, ?1- # $, , 0G x y z !  0(A4- *$ ?(3&19*(%0-, # $, , 0G x y z ,  

(6*$A$&0 ?1(*-4*(3&*-& 7)$1*-4$ 3 =-,&*/. M ?(%:&)*&= %:7A$& ):+ 
?1&)(031$E&*-+ ?1(*-4*(3&*-+ 3 %((03&0%037;E-. 76&: ?1-4:$)83$-
&0%+ ?1(0-3()&.%037;E$+ %-:$. F(':$%*( =&0()7 ?&*$:/0-, ?1(0-3(-
)&.%037;E$+ %-:$ ?1(?(1@-(*$:/*$ 3&:-A-*& ?1(*-4*(3&*-+ %&'=&*-
0(3 0&: )17' 3 )17'$ - )&.%037&0 ?( *(1=$:- 4 ?(3&19*(%0-. 

M&:-A-*$ 4(*0$40*(. %-:8 ?( =&0()7 <&*$:/0- (?1&)&:+&0%+ 
%:&)7;E-= (21$6(=: 

# $nf pdN X-! , 

')& p – >JJ&40-3*$+ 5&%04(%0/ 7%:(3*(. ?175-*8, «4(>JJ-@-&*0 ?&-

*$:/0-»; d – 3&:-A-*$ ?1(*-4*(3&*-+, N  – *(1=$:/ 4 ?(3&19*(%0-. 
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<(%:& ?1(%01$*%03&**(. )-%41&0-6$@-- 1&,&*-& 71$3*&*-+ 
)3-5&*-+ (1) ?1- -%?(:/6(3$*-- N"O %3()-0%+ 4 1&,&*-; )-JJ&1&*-
@-$:/*('( 71$3*&*-+ 

  i e! &M d F F  , (3) 

')& d   – 3&40(1 76:(389 7%4(1&*-.; M  – =$01-@$ =$%%; ,  i eF F  – 3&40(-

18 3*701&**-9 - 3*&,*-9 %-:. 
 6:(38& 7%4(1&*-+ =('70 280/ (?1&)&:&*8 -6 71$3*&*-+ (3) 

- 6$?-%$*8 %:&)7;E-= (21$6(=: 

# $1
i e

*! &d M F F  . 

U%?(:/6(3$*-& @&*01$:/*(. )-JJ&1&*@-$:/*(. %9&=8 -*0&'1--
1(3$*-+ 3( 31&=&*- (31&=&**$+ )-%41&0-6$@-+) ?(63(:+&0 (?1&)&:-0/ 
6*$A&*-+ 7%4(1&*-., %4(1(%0&. - ?&1&=&E&*-. ?( %9&=& 

# $1
n i e

*! &d M F F  , 

 1 1
2 2

n
n n

t
& *

! & .d d d    , (4) 

1 1
2

n n
n

t&
&

! & .d d d . 

G&*01$:/*$+ )-JJ&1&*@-$:/*$+ %9&=$ -*0&'1-1(3$*-+ (4) 3( 
31&=&*- 7%0(.A-3$ 3 0(= %:7A$&, &%:- 38?(:*+&0%+ 41-0&1-. 7%0(.A--
3(%0-, -63&%0*8. 4$4 7%:(3-& "71$*0$, 

min
cr

x
t t

c

.
. , . ! , 

')& c  – %4(1(%0/ 6374$ 3 =$0&1-$:&; minx.  – =-*-=$:/*8. 9$1$40&1-

*8. 1$6=&1 39()+E-9 3 1$%%=$01-3$&=7; %-%0&=7 >:&=&*0(3. 
!:+ (?-%$*-+ ?(3&)&*-+ =$0&1-$:(3 ?1- 38%(4-9 %4(1(%0+9 )&-

J(1=-1(3$*-+ ,-1(4(& 1$%?1(%01$*&*-& ?(:7A-:$ 7?17'(?:$%0-A&-
%4$+ =()&:/ ?(3&)&*-+ =$0&1-$:$ "7?&1$-F$.=(*)%$ (Cowper-
Symonds). I*$ 7A-083$&0 4-*&=$0-A&%4(& 7?1(A*&*-& - 3:-+*-& %4(-
1(%0- )&J(1=$@--. !:+ 7A&0$ 3:-+*-+ %4(1(%0- )&J(1=$@-- *$ ?1&)&: 
0&47A&%0- =$0&1-$:$ 33()-0%+ =$%,0$2-17;E-. 4(>JJ-@-&*0, 4(0(-
18. (?1&)&:+&0%+ 4$4 

)-*

T T) ! ) / ,     
1

1
P

C

%
/ ! & 0 1

2 3
4 5

 
, 
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')& V  – %4(1(%0/ )&J(1=$@--; ,C P  – 4(*%0$*08 =$0&1-$:$. !:+ 1&$:--

6$@-- ?(3&)&*-+ =$0&1-$:$ 3 %((03&0%03-- % (?-%$**(. =()&:/; 3 
?1('1$==*(= 4(=?:&4%& ANSYS -%?(:/6(3$:$%/ =()&:/ ?(3&)&*-+ 
=$0&1-$:$ Piecewise Linear Plasticity Model (47%(A*(-:-*&.*$+ ?:$%0--
A&%4$+ =()&:/).  

L$617,&*-& =$0&1-$:$ :(?$04- =()&:-1(3$:(%/ 7)$:&*-&= >:&-
=&*0(3, 3 4(0(189 )&J(1=$@-+ ?1&38,$:$ ?1&)&:/*(& 6*$A&*-& VB . 

L$%A&0 6$3&1,$:%+ ?( (4(*A$*-- ?1(@&%%$ %(7)$1&*-+ - ?:$%0-A&%4('( 
)&J(1=-1(3$*-+ :(?$04-. 

!:+ ?1(3&)&*-+ A-%:&**('( =()&:-1(3$*-+ 28:- %(6)$*8 =()&-
:- :(?$04- - 7)$1*-4$. W8:- ?1-*+08 %:&)7;E-& )(?7E&*-+: 

  M '&(=&01-A&%4(. =()&:- :(?$04- *& 7A-083$&0%+ -6=&*&*-& 
?1(J-:+ ?( 38%(0&. N()&:/ :(?$04- -=&&0 ?(%0(+**(& ?( 38%(0& %&-
A&*-&, 4(0(1(& %((03&0%037&0 *$-2(:&& (?$%*(=7 %&A&*-; 1&$:/*(. 
:(?$04-. 

  P$41&?:&*-& :(?$04- 3 6$=4& =()&:-17&0%+ 5&%04(. 6$)&:4(. 3 
4(1*&3(= %&A&*--. B(?$04$ 1$%%=$01-3$&0%+ 4$4 5&%04( 6$E&=:&**$+ 
4(*%(:/*$+ 2$:4$. 

"(*&A*(->:&=&*0*$+ %&04$ %(%0(-0 -6 ?1-6=$0-A&%4-9 -6(?$1$=&0-
1-A&%4-9 8-76:(389 >:&=&*0(3 % :--
*&.*(. $??1(4%-=$@-&. (1-%. 3). L$6-
=&1 4(*&A*('( >:&=&*0$ 3 6(*& %(-
7)$1&*-+ 382-1$:%+ 0$4-=, A0(28 
9$1$40&1*8. 1$6=&1 (5-)$&=('( ?(-
31&5)&*-+ 28: *$ ?(1+)(4 2(:/,&. 
L$6=&1 >:&=&*0$ %(%0$3-: 0,08 ==. 
L$6=&1 >:&=&*0$ *$ 7)$:&*-- (0 ?(-
31&5)&*-+ %(%0$3:+&0 0,5 ==. "(*&A-
*(->:&=&*0*$+ %&04$ 7)$1*-4$ %(%0(-
-0 -6 -6(?$1$=&01-A&%4-9 0&01$--

)$:/*89 >:&=&*0(3 (%=. 1-%. 3) % 9$1$40&1*8= 1$6=&1(= 0,2 ==. 
<1(3&)&* $*$:-6 - 4(:-A&%03&**$+ (@&*4$ >JJ&40(3, 3(6*-4$;-

E-9 3 ?1(@&%%& %(7)$1&*-+ :(?$04- % <<. <1- %(7)$1&*-- 3 :(?$04& 
*$A-*$&0%+ ?1(@&%% 1$%?1(%01$*&*-+, (01$5&*-+ - 36$-=()&.%03-+ 
3(:* *$?1+5&*-., ?:$%0-A&%4$+ )&J(1=$@-+ - 1$617,&*-&, ?( (4(*A$-
*-- %(7)$1&*-+ :(?$04$ %(3&1,$&0 %3(2()*8& 4(:&2$*-+. <1- =()&-

 

L-%. 3. <1-=&1 4(*&A*(->:&=&*0*(. 
%&04- :(?$04- - 7)$1*-4$ 
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:-1(3$*-- 7)$:(%/ 1&$:-6(3$0/ 01- *$-2(:&& A$%0( 3%01&A$;E-9%+ 
3 >4%?:7$0$@-- 0-?$ ?(31&5)&*-+: 3=+0-*$, 6$2(-*$ (38183), 1$6183 
(1-%. 4).  %0$*(3:&*(, A0( %7E&%037&0 41-0-A&%4(& 6*$A&*-& 4-*&0-A&-
%4(. >*&1'-- <<, ?1- 4(0(1(. ?1(-%9()-0 %=&*$ =&9$*-6=$ ?(31&5-
)&*-+ :(?$04-: 1$617,&*-& % (21$6(3$*-&= 3=+0-*8 %=&*+&0%+ *$ 1$6-
17,&*-& % (21$6(3$*-&= 38183$ - ?(0&1&. =$%%8 (%=. 1-%. 4). <(:7A&-
*( 4(:-A&%03&**(& 6*$A&*-& >0(. >*&1'-- ):+ :(?$04- 5-. %07?&*- 
4(=?1&%%(1$ 38%(4('( )$3:&*-+ ?1- 7)$1& %( %0(1(*8 4(180$. O0( 

6*$A&*-& 41-0

4-* 18,5 !  ( 41-0 325V !  =/%). 

<(%:& (0%4(4$ << :(?$04$ %(3&1,$&0 4(:&2$*-+ % %(2%03&**8=- 
A$%0(0$=- - J(1=$=-. I%0$-
0(A*8& *$?1+5&*-+ ?1- 1&,&-
*-- 6$)$A- % ?(=(E/; N"O 
=('70 280/ ?(:7A&*8 ?70&= 
33&)&*-+ )&=?J-1(3$*-+ 3 %--
%0&=7. C$,&*-& 4(:&2$*-. 3 
%-%0&=& *$A-*$&0%+ ?(%:& =(-
=&*0$ ?1&41$E&*-+ 4(*0$40$ 
:(?$04- % <<. 

!-$?$6(* 3(6=(5*89 %(2-
%03&**89 A$%0(0 4(:&2$*-. %--
%0&=8 1$62-3$&0%+ *$ ?&1&418-
3$;E-& )17' )17'$ -*0&13$:8; 
3 >0-9 -*0&13$:$9 A$%0(0 33(-
)-0%+ ?(%0(+**(& )&=?J-1(-
3$*-&. <1(@&%% '$,&*-+ 4(:&-
2$*-. 6$*-=$&0 40 =4% ():+ 
%1$3*&*-+ ?1(@&%% %(7)$1&*-+ 
):-0%+ 35 =4%). M 1&67:/0$0& 7%0$*(3:&*8 6$4(*(=&1*(%0- 1$%?1(-
%01$*&*-+ (%0$0(A*89 *$?1+5&*-. 3 :(?$04& ?1- 7)$1& %( %0(1(*8 4(-

180$ ?() 7':(= 4 9(1)& :(?$04- 606 ! ! .  )$1 ?1(-%9()-0 % (21$6(3$-
*-&= 3=+0-*8. 

#$ 1-%. 5 ?1&)%0$3:&*8 6$3-%-=(%0- -6=&*&*-+ *(1=$:/*89 *$-
?1+5&*-. 3)(:/ ?&1$ :(?$04- % 0&A&*-&= 31&=&*-. P$3-%-=(%0/ 1 – 
-6=&*&*-& *$?1+5&*-. 3 >:&=&*0& -6 6(*8 %( %0(1(*8 4(180$ :(?$04- 
((%0$0(A*8& *$?1+5&*-+ 1$%0+5&*-+); 6$3-%-=(%0/ 2 – -6=&*&*-& *$-

 

L-%. 4. P$3-%-=(%0/ 1$2(08 ?:$%0-A&%4('(  
)&J(1=-1(3$*-+ (0 4-*&0-A&%4(. >*&1'--  

?(%0(1(**&'( ?1&)=&0$ 

:(?

3*701 ,E

!5 

 4-*, !5 
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?1+5&*-. 3 >:&=&*0& -6 6(*8 %( %0(1(*8 %?-*4- :(?$04- ((%0$0(A*8& 
*$?1+5&*-+ %5$0-+); 6$3-%-=(%0/ 3 – -6=&*&*-& *$?1+5&*-. 3 >:&-
=&*0& % 39()*(. 41(=4- :(?$04- *$ 7)$:&*-- (0 ?(31&5)&*-+ ((%0$-
0(A*8& *$?1+5&*-+ =-*-=$:/*8). 

I%0$0(A*8& *$?1+5&*-+ *(%+0 :(4$:/*8. 9$1$40&1 - ?1-%70%037;0 
3 6(*& ?(31&5)&*-+. N$4%-=$:/*8& 1$%0+'-3$;E-& *$?1+5&*-+ -=&;0 
=&%0( *$ '1$*-@& 3=+0-*8 %( %0(1(*8 4(180$, =$4%-=$:/*8& %5-=$;-
E-& *$?1+5&*-+ – *$ '1$*-@& 3=+0-*8 %( %0(1(*8 %?-*4- (%=. 1-%. 5). 
M %((03&0%03-- % '1$J-4(= =('70 280/ ?1-2:-5&**( (?1&)&:&*8 (%0$-
0(A*8& *$?1+5&*-+ 3 6$J-4%-1(3$**89 >:&=&*0$9. O:&=&*0 1: 

(%0 970 3,9 %yy) ! * 7 8  N<$; >:&=&*0 2: (%0 500 6,4 %yy) ! 7 8 N<$; >:&-

=&*0 3: (%0 67 7 %yy) ! 7 8 N<$. F5-=$;E-& (%0$0(A*8& *$?1+5&*-+ ?( 

$2%(:;0*(. 3&:-A-*& ?1&38,$;0 *$?1+5&*-+ 1$%0+5&*-+ 3 1,9 1$6$. 

 
1 – (%0$0(A*8& *$?1+5&*-+ 
%5$0-+ (>:&=&*0 3 6(*& 
%5$0-+ %( %0(1(*8 %?-*-
4-); 

2 – (%0$0(A*8& *$?1+5&*-+ 
1$%0+5&*-+ (>:&=&*0 3 
6(*& 1$%0+5&*-+ %( %0(-
1(*8 4(180$); 

3 – 1$6'175&**$+ 6(*$ (>:&-
=&*0 % 39()*(. 41(=4- 
*$ 7)$:&*-- (0 ?(31&5-
)&*-+) 

L-%. 5. U6=&*&*-& *$?1+5&*-. 3 >:&=&*0$9 :(?$04- %( 31&=&*&=  
3 ?1(@&%%& %(7)$1&*-+ - '$,&*-+ 4(:&2$*-. 
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M *$%0(+E&= -%%:&)(3$*-- (?-%83$&0%+ =&0()-4$ (@&*4- %*--
5&*-+ 7%0$:(%0*(. ?1(A*(%0- :(?$0(4 ?1- =-*-=$:/*(= (2H&=& 7%0$-
:(%0*89 -%?80$*-. 3%:&)%03-& ?(31&5)&*-+ -9 ?(%0(1(**-=- ?1&)-
=&0$=- [6]. N&0()-4$ (?-1$&0%+ *$ (?1&)&:&*-& 0&(1&0-A&%4-9 4(>J-
J-@-&*0(3 4(*@&*01$@-- *$?1+5&*-. )6  3 :(?$04$9. <1- >0(= 

?1(3()-:%+ 1$%A&0 0&(1&0-A&%4-9 4(>JJ-@-&*0(3 4(*@&*01$@-- - 4(-
>JJ-@-&*0(3 A73%03-0&:/*(%0- 4 4(*@&*01$@-- *$?1+5&*-. q. !:+ 
>0('( ?1(-63()-:-%/ 4(*&A*(->:&=&*0*8& 1$%A&08 ?( (?1&)&:&*-; 
*$?1+5&**(-)&J(1=-1(3$**('( %(%0(+*-+ :(?$0(4 2&6 ?(31&5)&*-. 
- % 1$6:-A*(. '&(=&01-&. ?(31&5)&*-+: V-(21$6*$+ 6$2(-*$, ?(:7-
417':8. *$)1&6, 6$A-%04$. L$%A&08 ?1(-63()-:-%/ 3 %0$0-A&%4(. 7?17-
'(. ?(%0$*(34&. L&$:-6(383$:(%/ *$'175&*-& -6'-2$;E&. *$'1764(., 
?1-:(5&**(. 3 @&*01& =$%% ?&1-J&1-.*('( %&A&*-+ ?&1?&*)-47:+1*( 
9(1)& :(?$04-, - *$'175&*-& @&*01(2&5*(. %-:(.. 

W8:- ?(:7A&*8 4(:-A&%03&**8& 6*$A&*-+ 0&(1&0-A&%4-9 4(>J-
J-@-&*0(3 4(*@&*01$@-- ):+ 9$1$40&1*89 ?(31&5)&*-.. <(:7A&**8& 
6*$A&*-+ )6  :&5$0 3 )-$?$6(*& 1,76–5,92. !$**8& 1&67:/0$08 )(?(:-

*-:- %7E&%037;E7; 6$3-%-=(%0/, A0( ?(63(:-:( ?()03&1)-0/ (2(%*(-
3$**(%0/ -%?(:/6(3$*-+ 1$*&& ?(:7A&**('( %((0*(,&*-+ [7] ):+ (?1&-
)&:&*-+ 0&(1&0-A&%4('( 4(>JJ-@-&*0$ 4(*@&*01$@-- ?( )$**8= 
( ':72-*& - 1$)-7%& ?(31&5)&*-+: 

 1 1,5 h)6 ! & 9 . (5) 

!(%0(3&1*(%0/ $??1(4%-=$@-- 1&67:/0$0(3 ):+ )$**('( %((0*(-
,&*-+ %(%0$3:+&0 0,96 (1-%. 6). 
I04:(*&*-& (0 >0('( %((0*(,&-
*-+ ):+ 3%&9 1$%%A-0$**89 =&0(-
)(= 4(*&A*89 >:&=&*0(3 0&(1&-
0-A&%4-9 4(>JJ-@-&*0(3 4(*@&*-
01$@-- ?1- )&.%03-- -6'-2$;E&. 
*$'1764- *& ?1&38,$&0 9 %. 

<(:7A&*8 4(:-A&%03&**8& 
6*$A&*-+ 4(>JJ-@-&*0(3 A73%0-
3-0&:/*(%0- q ):+ 0-0$*(389 
:(?$0(4 5-. %07?&*- *$?1$3:+;-
E&'( $??$1$0$. O0- 6*$A&*-+ 
:&5$0 3 ?1&)&:$9 0,23–0,46. P$3-%-=(%0/ 4(>JJ-@-&*0$ A73%03-0&:/-

 

L-%. 6. P$3-%-=(%0/ 0&(1&0-A&%4('(  
4(>JJ-@-&*0$ 4(*@&*01$@-- (0 1$6=&1(3  
?(31&5)&*-+: 0(A4- – 1$%A&0*8& 6*$A&*-+  
QX ):+ -%%:&)(3$**89 :(?$0(4; %?:(,*$+  

:-*-+ ?( %((0*(,&*-; (5) 
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*(%0- 4 4(*@&*01$@-- *$?1+5&*-. (0 0&(1&0-A&%4('( 4(>JJ-@-&*0$ 
4(*@&*01$@-- [7] )(?(:*&*$ 3*(3/ ?(:7A&**8=- 6*$A&*-+=-. L&67:/-
0$08 ):+ :(?$0(4 -6 0-0$*(389 %?:$3(3 - %0$:/*89 :(?$0(4 (21$67;0 
?1$40-A&%4- *&?&1&%&4$;E-&%+ (2:$%0-. "(>JJ-@-&*08 A73%03-0&:/-
*(%0- ):+ %0$:/*89 :(?$0(4 :&5$0 3 ?1&)&:$9 0–0,09, ):+ 0-0$*(389 
:(?$0(4 0,6–0,46. 

#$ (%*(3$*-- ?(:7A&**(. 3 1&67:/0$0& -%%:&)(3$*-+ -*J(1=$-
@-- 3(6=(5*( ?1(3&)&*-& (@&*4- %*-5&*-+ 7%0$:(%0*(. ?1(A*(%0- 
:(?$0(4 ?1- *$:-A-- ?(31&5)&*-+ ?( 1$%A&0*(->4%?&1-=&*0$:/*(. 
=&0()-4&, (?-%$**(. 3 [6]. 

M 4$A&%03& 6$4:;A-0&:/*('( >:&=&*0$ ?1&):(5&**('( 4(=?:&4%-
*('( 1$%A&0*('( $*$:-6$ ?1(A*(%0- :(?$0(4 4(=?1&%%(1$ 38%07?$&0 
$*$:-6 3:-+*-+ ?(31&5)&*-+ *$ =()$:/*8& 9$1$40&1-%0-4- :(?$04-. 
!$**8. $*$:-6 0$45& ?1(-63()-:%+ % ?1-=&*&*-&= 4(*&A*(->:&=&*0-
*('( =()&:-1(3$*-+. <1(-63()-:%+ 1$%A&0 =()$:/*89 9$1$40&1-%0-4 
:(?$04-: %(2%03&**89 A$%0(0 - J(1= 4(:&2$*-.. !:+ 1&,&*-+ A$%0-A-
*(. ?1(2:&=8 %(2%03&**89 6*$A&*-. 3 ANSYS 28: -%?(:/6(3$* =&0() 
B$*@(,$ (Block Lanczos). #$ )$**(= >0$?& -%%:&)(3$:-%/ :(?$04- 2&6 
)&J&40(3, % )&J&40(= 0-?$ 6$2(-*$, % )&J&40(= 0-?$ 01&E-*$. D1&E--
*$ 3 1$%A&0*(. (@&*4& =()&:-1(3$:$%/ 1$61&6(= *7:&3(. 0(:E-*8 
% ?1+=(:-*&.*8= J1(*0(= - % 1&$:/*8= J1(*0(= 01&E-*8, ?(:7A&*-
*8= 3 1&67:/0$0& >4%?&1-=&*0$:/*89 -%%:&)(3$*-. 01&E-*(%0(.4(%0- 
:(?$04-. 

M 1&67:/0$0& -%%:&)(3$*-+ ?(:7A&*( ?1(@&*0*(& %*-5&*-& %(2-
%03&**89 A$%0(0 4(:&2$*-. :(?$04- ?1- 1$6:-A*89 0-?$9 ?(31&5)&-
*-. - ?1(-63&)&*$ (@&*4$ 3:-+*-+ ?(31&5)&*-+ *$ 1&6(*$*%*7; )-$-
'1$==7. !:+ ?(31&5)&*-+ 0-?$ V-!"#$%&$' %$"!(&$ ?1- ':72-*& 1 == 
=$4%-=$:/*(& %*-5&*-& %(2%03&**(. A$%0(08 %(%0$3-:( 0,22 %. !:+ 
?(31&5)&*-. 0-?$ )!*+!,#+-&!./0 - %$1(./,$ %*-5&*-& *& ?1&38-
,$&0 2 %. O0- 0-?8 ?(31&5)&*-. 3:-+;0 *$ 1&6(*$*%*7; )-$'1$==7 
"&=?2&::$ *&6*$A-0&:/*(. <(31&5)&*-& 0-?$ /#23(&$ ?1- && ):-*& 
2(:&& 20 % ):-*8 9(1)8 38683$&0 %*-5&*-& %(2%03&**89 A$%0(0 2(-
:&& A&= *$ 3 % - 6*$A-0&:/*( 3:-+&0 *$ 1&6(*$*%*7; )-$'1$==7. 

D$4-= (21$6(=, 3 ?1(@&%%& -%%:&)(3$*-+ (?1&)&:&* - 1$61$2(0$* 
417' =&0()-4, 39()+E-9 3 4(=?:&4%*8. 1$%A&0*8. $*$:-6 ?1(A*(%0- 
:(?$0(4 4(=?1&%%(1$ ?1- -9 ?(31&5)&*-- <<. !$**8. 4(=?:&4%*8. 
1$%A&0 ?1(-63&)&* ):+ :(?$04- 5-. %07?&*- 4(=?1&%%(1$ CD!.  
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